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ENHANCED DISSIPATION AND TRANSITION THRESHOLD
FOR THE 2-D PLANE POISEUILLE FLOW VIA RESOLVENT
ESTIMATE
SHIJIN DING, ZHILIN LIN∗
Abstract. In this paper, we study the transition threshold problem for the
2-D Navier-Stokes equations around the Poiseuille flow (1 − y2, 0) in a finite
channel with Navier-slip boundary condition. Based on the resolvent estimates
for the linearized operator around the Poiseuille flow, we first establish the
enhanced dissipation estimates for the linearized Navier-Stokes equations with
a sharp decay rate e−c
√
νt. As an application, we prove that if the initial
perturbation of vortiticy satisfies
‖ω0‖L2 ≤ c0ν
3
4 ,
for some small constant c0 > 0 independent of the viscosity ν, then the solution
dose not transition away from the Poiseuille flow for any time.
1. Introduction
In this paper, we study the transition threshold problem for the 2-D incompress-
ible Navier-Stokes equations in a channel Ω = T× I(I = (−1, 1)):
∂tv − ν∆v + (v · ∇)v +∇q = 0,
∇ · v = 0,
v|t=0 = v0(x, y),
(1.1)
where ν > 0 is the viscosity, v(t;x, y) ∈ R2 is the velocity fields and q ∈ R is the
pressure.
It is well known that the Poiseuille flow V = (1−y2, 0) is a steady solution of the
Navier-Stokes equations in (1.1) with a constant pressure gradient ∇Q ≡ (Q0, 0)
for some constant Q0. In order to study the stability of the Poiseuille flow, we
introduce the perturbations u = v − V and P = q −Q, which satisfy
∂tu− ν∆u + (u · ∇)u+ (1− y2)∂xu+
(−2yu2
0
)
+∇P = 0,
∇ · u = 0,
u|t=0 = u0(x, y, z).
(1.2)
To avoid the boundary layer effect, we will consider the Navier-slip boundary
condition for the perturbation system (1.2):
ω = 0 on {y = ±1}. (1.3)
Here ω = ∂yu1 − ∂xu2 is the vorticity.
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Introduce the stream function Φ as follows
u = ∇⊥Φ = (∂yΦ,−∂xΦ),
then ∆Φ = ω and (1.2) with (1.3) can be rewritten as
∂tω − ν∆ω + (1− y2)∂xω + 2∂x∆−1ω = ∇ · (ωu),
∆Φ = ω,
ω(t;x,±1) = 0,
ω|t=0 = ω0 =: ω(0).
(1.4)
The hydrodynamic stability at high Reynolds number (or small viscosity) has
been an important topic since the Reynolds’s famous experiment [27]. The problem
that how the laminar flows become unstable and transition into turbulence is a very
important topic in this field, see [29, 36] for instance. It is well-known that some
laminar flows such as plane Couette flow and pipe Poiseuille flow are linearly stable
for any fixed Reynolds number (or viscosity) [28, 9]. However, the instability even
turbulence would occur in experiments with small perturbations at high Reynolds
number [13], which is contradictory with theoretical analysis. This phenomena is
well known as Sommerfeld paradox and it is a longstanding problem in the theory
of hydrodynamic stability, see [21] and the references therein.
There are lots of attempts from different points of view to resolve this paradox,
such as [12, 21] and the references therein. Among these literatures, the resolution
introduced by Kelvin [18] is that the basin of attraction of laminar flows shrinks
as the Reynolds number tends to infinity such that the flow could be nonlinearly
unstable for small perturbations. With this resolution, a fundamental question
firstly proposed by Trefethen et al. [30], formulated as the mathematical version in
[5] is that
Given a norm ‖ · ‖X , determine a γ = γ(X) such that
‖u0‖X ≤ νγ =⇒ stability,
‖u0‖X ≫ νγ =⇒ instability.
Here the exponent γ is referred to as the transition threshold in the applied lit-
eratures, and there are lots of applied works devoted to determining γ for some
important laminar flows such as Couette flow and Poiseuille flow [23, 26, 36].
Recently, the transition threshold problem for the Couette flow was studied in
a series of important mathematical works [2, 3, 4, 6, 7, 32]. These works showed
that the transition threshold γ ≤ 1 with either X Gevrey class or Sobolev space
for the 3-D Couette flow in the case without the boundary effect. Very recently,
Chen, Li, Wei and Zhang [8] studied the transition threshold problem for the 2-D
Couette flow in a finite channel. Moreover, Chen, Wei and Zhang [10] proved that
the transition threshold γ ≤ 1 still holds in the Sobolev space for the 3-D Couette
flow in a finite channel with nonslip boundary condition for the perturbation.
For the 2-D Kolmogorov flow, Wei, Zhang and Zhao [35] showed that the tran-
sition threshold is γ ≤ 23+ in T2piδ × T with δ < 1. For the 3-D Kolmogorov flow,
Li, Wei and Zhang [20] proved that the the transition threshold is γ ≤ 74 , where
the proof is based on the resolvent estimate method and wave operator method
developed in [19]. For the Poiseuille flow (y2, 0), Coti Zelati et al. [11] proved that
the transition threshold is γ ≤ 34 + 2µ (for any µ > 0) in T× R.
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For general shear flows, the stability and transition problems would be very
challenging, since the linearized operator is non selfadjoint and nonlocal. In the in-
viscid case ν = 0, the analysis for the 2D linearized problem is reduced to solving the
Rayleigh equations [33, 34, 35]. However, in the viscous problem with small ν > 0,
the problem would be much difficult since one has to solve the Orr-Sommerfeld
equation, which is a fourth-order ODE. For example, for the Orr-Sommerfeld equa-
tion around a non-monotone flow such as Poiseuille flow in this paper, one has
to study the behavior near the critical point and handle nonlocal term carefully.
There are some important progress on the enhanced dissipation for the 2-D lin-
earized Navier-Stokes equations, see [1, 15, 16, 20, 22, 35] for details. We also refer
to the survey article [5] for more results and open problems.
The first result of this paper is to establish the enhanced dissipation estimates
for the linearized Navier-Stokes equations around the 2-D Poiseuille flow: (∂t +L )ω = 0,ω(t;x,±1) = 0,
ω|t=0 = ω0,
(1.5)
where
L ω = −ν∆ω + (1− y2)∂xω + 2∂x∆−1ω. (1.6)
Let f̂(t; k, y) denote the Fourier transform of the function f(t;x, y) with respect
to x. And define
f(t;x, y) :=
∫
T
fdx, f 6= := f − f.
First, we have the following enhanced dissipation with sharp decay rate for lin-
earized Navier-Stokes equations.
Theorem 1.1. For any 0 < ν ≤ 1, if ω0 ∈ L2 with
∫
T
ω0(x, y)dx = 0, then the
solution of (1.5) satisfies the following estimates
‖ω(t)‖L2 ≤ Ce−c
√
νt‖ω0‖L2.
As an application, the second result of this paper is to study the stability thresh-
old for the 2-D Poiseuille flow, which is stated as follows.
Theorem 1.2. There exist ν0 ∈ (0, 1) and c0 ∈ (0, 1) independent of ν so that if
ν ∈ (0, ν0) and ω0 ∈ L2 with
‖ω0‖L2 ≤ c0ν
3
4 ,
then the solution ω of (1.4) is global in time with the bounds
‖ω 6=(t)‖L2 ≤ Ce−c
√
νt‖ω 6=(0)‖L2 .
Remark 1.1. Our main results, the Theorem 1.1 and Theorem 1.2, give the en-
hanced dissipation with decay rate e−
√
νt and the transition threshold γ ≤ 34 , respec-
tively. In [11], the enhanced dissipation with decay rate e−ε0
√
ν
1+| log ν| t and γ ≤ 34+2µ
for any µ > 0 for the 2-D Poiseuille flow (y2, 0) in the domain T × R were firstly
obtained via the hypocoercivity method.
Compared with [11], our problem is to treat with the case in a channel T×(−1, 1)
and our method is very different from that in [11]. Our proof is based on the
resolvent estimates, which give the enhanced dissipation with decay rate e−c
√
νt,
and hence the transition threshold γ ≤ 34 .
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Remark 1.2. The transition threshold γ ≤ 34 may not be sharp. To improve it,
much substantial works are needed.
In addition, the transition threshold γ ≤ 74 for the 3-D Kolmogorov flow is ob-
tained in [20]. It was conjectured in [12] that the transition threshold γ ≤ 32 for the
3-D plane Poiseuille flow.
Let us give some comments about the main results. Two main theorems give
the linear enhanced dissipation and nonlinear stability transition threshold for 2-D
Poiseuille flow. Our first result gives the enhanced dissipation with a sharp decay
rate e−c
√
νt, which is based on our careful resolvent estimates for the O-S equation.
This is very different from the hypocoercivity method applied in [11]. We study
the enhanced dissipation and transition threshold problem for the 2-D Poiseuille
flow (1 − y2, 0) in a channel T × (−1, 1), which is very different from the case of
T× R in [11]. The key point is to derive the sharp resolvent estimates for the O-S
equations with boundaries. Due to the interval (−1, 1), we will derive the resolvent
estimate by several cases. The most challenges are resulted from the critical points
of Poiseuille flow in the interval (−1, 1), in which more estimates near the points are
needed. To overcome the difficulties, more careful estimates about some suitable
multipliers near the critical points are needed. Based on the careful and sharp
resolvent estimates, the enhanced dissipation with sharp decay rate e−c
√
νt and
transition threshold νγ for γ ≤ 34 are obtained.
Through this paper, we always suppose that |k| ≥ 1, and denote by C a positive
constant independent of ν, k, λ. In addition, we use the notation a ∼ b for C−1b ≤
a ≤ Cb and a . b for a ≤ Cb, in which C > 0 is an absolute constant.
2. Sketch and key points of the proof
Our proof is based on the careful resolvent estimates. It is necessary to give
some analysis on our problem and method.
We first study the resolvent estimates of the following linearized operator
−ν(∂2y − |k|2)w + ik
[
(1 − y2 − λ)w + 2ϕ] = F,
where (∂2y − |k|2)ϕ = w, ϕ(±1) = 0. In Proposition 3.1, we will establish the
following resolvent estimate:
ν
1
2 |k| 12 ‖w‖L2 ≤ C‖F‖L2.
The proof follows the resolvent estimate method introduced in [20].
The key point in our problem is to derive the resolvent estimates for O-S equation
with boundaries. The estimates will be concluded by several cases: (i) λ ≥ 1; (ii)
λ ≤ 0; (iii) λ ∈ (0, 1). The most difficult case is (iii), since one has to deal with
the estimates near the points yi with 1 − y2i = λ(i = 1, 2). Therefore, we should
establish the estimates on the interval (y1, y2) and outside interval, respectively. To
this end, more careful estimates about some suitable multipliers near the points yi
should be needed. See Section 3 for details.
Taking the Fourier transformation in x, the linearize operators L can be rewrit-
ten as
L̂ = −ν(∂2y − |k|2) + ik(1− y2) + 2ik(∂2y − |k|2)−1,
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Unlike the case of Kolmogorov flow [20], the operators L̂ is symmetric and m-
accretive in the sense
Re
〈
L̂ f, f
〉
= ν|k|2‖f‖2L2 + ν‖f ′‖2L2 ≥ 0.
We define the pseudospectral bound for an accretive operator A by
Ψ(A) := inf
{‖(A− iλ)s‖ : s ∈ D(A), λ ∈ R, ‖s‖ = 1}.
Based on the resolvent estimates for L̂ , we can deduce that
Ψ(L̂ ) ≥ cν 12 |k| 12 + ν|k|2.
Then we can easily obtain the sharp semigroup bound:
‖e−tL g 6=‖L2 ≤ Ce−c
√
νt−νt‖g 6=‖L2 .
To derive the enhanced dissipation estimates for the linearized Navier-Stokes
equations, we consider the following equation (∂t + L̂ )ω̂ = 0,ω̂(t;x,±1) = 0,
ω̂|t=0 = ω̂0.
Based on the sharp semigroup bound, the enhanced dissipation is obtained.
To study nonlinear problem, we first establish the space-time estimates for the
following coupled system 
(
∂t +L
)
ω = ∇ · f,
ω(t;x,±1) = 0,
ω|t=0 = ω0 =: ω(0).
More precisely, the following estimate will be established
‖ω 6=‖2Xc′ . ‖ω 6=(0)‖2L2 + ν−1‖ec
′√νtf 6=‖2L2L2 ,
where
‖ω 6=‖2Xc′ = ‖ec
′√νtω 6=‖2L∞L2 +
√
ν‖ec′
√
νtω 6=‖2L2L2 + ν‖ec
′√νt∇ω 6=‖2L2L2 .
Let us remark that the first two parts in the norm ‖ · ‖Xc′ , correspond to the
enhanced dissipation, whose decay rate e−c
√
νt is resulted from the sharp resolvent
estimates, and the last part is due to the combined effect of heat diffusion and
enhanced dissipation.
Then we will obtain nonlinear stability from a continuity argument.
3. Resolvent estimates for Orr-Sommerfeld equation
In this section, we will establish the resolvent estimates of the Orr-Sommerfeld
equation {−ν(∂2y − |k|2)w + ik[(1 − y2 − λ)w + 2ϕ] = F,
w(±1) = 0, (3.1)
where
(∂2y − |k|2)ϕ = w, ϕ(±1) = 0.
The main result about the resolvent estimate is stated as the following proposi-
tion.
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Proposition 3.1. Let w ∈ H2(I) be the solution of (3.1) with λ ∈ R and F ∈
L2(I). Then there holds that
ν
1
2 |k| 12 ‖w‖L2 ≤ C‖F‖L2.
3.1. Some basic lemmas. The following key energy inequality (3.4) takes advan-
tage of the special structure of Poiseuille flows.
Lemma 3.1. Let −1 ≤ y1 ≤ 0 ≤ y2 ≤ 1. If (ϕ,w) solves{(
∂2y − |k|2
)
ϕ = w, y ∈ [y1, y2],
ϕ(y1) = ϕ(y2) = 0,
(3.2)
then we have
− 〈ϕ,wχ(y1,y2)〉 = ‖ϕ′‖2L2(y1,y2) + |k|2‖ϕ‖2L2(y1,y2), (3.3)
and
2
∫ y2
y1
(1− y2 − λ)2
∣∣∣∣∣
(
ϕ
1− y2 − λ
)′∣∣∣∣∣
2
dy +
∫ y2
y1
k2|ϕ|2dy

≤
∫ y2
y1
(1 − y2 − λ)|w|2dy + 〈2ϕ,wχ(y1,y2)〉.
(3.4)
If (ϕ,w) solves {(
∂2y − |k|2
)
ϕ = w, y ∈ [−1, 1] \ (y1, y2),
ϕ(y1) = ϕ(y2) = ϕ(±1) = 0,
then we have
− 〈ϕ,wχ(
[−1,1]\(y1,y2)
)〉 = ‖ϕ′‖2
L2
(
[−1,1]\(y1,y2)
) + |k|2‖ϕ‖2
L2
(
[−1,1]\(y1,y2)
). (3.5)
Proof. (3.3) and (3.5) are obvious. We get by integration by parts that∫ y2
y1
(
|ϕ′|2 − 2
1− y2 − λ |ϕ|
2
)
dy =
∫ y2
y1
(1− y2 − λ)2
∣∣∣∣∣
(
ϕ
(1 − y2 − λ)
)′∣∣∣∣∣
2
dy,
from which and the fact that
(1− y2 − λ)|w|2 + 4ϕw + 4 |ϕ|
2
1− y2 − λ ≥ 0,
we infer that for y ∈ (y1, y2),∫ y2
y1
(1− y2 − λ)|w|2dy + 〈2ϕ,wχ(y1,y2)〉
≥ −〈2ϕ,wχ(y1,y2)〉− 4 ∫ y2
y1
|ϕ|2
1− y2 − λdy
= 2
(∫ y2
y1
(|ϕ′|2 + |k|2|ϕ|2)dy
)
− 4
∫ y2
y1
|ϕ|2
1− y2 − λdy
≥ 2
∫ y2
y1
(
|ϕ′|2 − 2
1− y2 − λ |ϕ|
2
)
dy + 2
∫ y2
y1
|k|2|ϕ|2dy
= 2
∫ y2
y1
(1− y2 − λ)2
∣∣∣∣∣
(
ϕ
(1− y2 − λ)
)′∣∣∣∣∣
2
dy + 2
∫ y2
y1
|k|2|ϕ|2dy,
which gives (3.4). 
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In some sense, the inequality means that the plane Poiseuille flow is a stable
steady solution of the Euler equations.
The following lemma is a Hardy type inequality.
Lemma 3.2. For λ ∈ [0, 1], let −1 ≤ y1 ≤ 0 ≤ y2 ≤ 1 so that λ = 1− y21 = 1− y22.
If (ϕ,w) solves (3.2), then we have∫ y2
y1
|ϕ|2
(1− y2 − λ)2 dy
.
1
(y2 − y1)2
∫ y2
y1
(1− y2 − λ)2
∣∣∣∣∣
(
ϕ
(1− y2 − λ)
)′∣∣∣∣∣
2
dy +
|ϕ(0)|2
(y2 − y1)3 .
The proof is similar to Lemma 3.7 in [20]. Here we omit the details.
Lemma 3.3. For λ ∈ [0, 1], let −1 ≤ y1 ≤ 0 ≤ y2 ≤ 1 so that λ = 1− y21 = 1− y22.
Then for any 0 ≤ δ ≤ 1,
1
|1− (y1 − δ)2 − λ| =
1
(y2 − y1 + δ)δ , (3.6)∥∥∥∥ 11− y2 − λ
∥∥∥∥
L2
(
(−1,1)\(y1−δ,y2+δ)
) . 1
(y2 − y1 + δ)δ 12
, (3.7)
∥∥∥∥ 11− y2 − λ
∥∥∥∥
L1
(
(−1,1)\(y1−δ,y2+δ)
) . 1 + ln (1 + y2−y1δ )(y2 − y1 + δ) , (3.8)∥∥∥∥ 2y(1− y2 − λ)2
∥∥∥∥
L2
(
(−1,1)\(y1−δ,y2+δ)
) . 1
(y2 − y1 + δ)δ 32
. (3.9)
Proof. (3.6) follows by noticing that y1 = −y2 and
1− (y1 − δ)2 − λ = y22 − (y1 − δ)2 = (y2 − y1 + δ)δ.
Now (3.7) follows from∫ 1
y2+δ
∣∣∣∣ 11− y2 − λ
∣∣∣∣2 dy =∫ 1
y2+δ
∣∣∣∣ 1(y − y1)(y − y2)
∣∣∣∣2 dy
.
1
(y2 − y1 + δ)2
∫ 1
y2+δ
1
(y − y2)2 dy
.
1
(y2 − y1 + δ)2δ ,
and (3.8) follows from∫ 1
y2+δ
∣∣∣∣ 11− y2 − λ
∣∣∣∣ dy =∫ 1
y2+δ
∣∣∣∣ 1(y − y1)(y − y2)
∣∣∣∣ dy
.
1
y2 − y1 + δ
∫ 2y2−y1+δ
y2+δ
1
y − y2 dy +
∫ ∞
2y2−y1+δ
1
(y − y2)2 dy
.
1 + ln
(
1 + y2−y1
δ
)
(y2 − y1 + δ) .
Thanks to∣∣∣∣ −2y(1 − y2 − λ)2
∣∣∣∣ . y(y − y1)2(y − y2)2 . 1(y2 − y1 + δ)(y − y2)2
8 SHIJIN DING, ZHILIN LIN
for y ∈ (y2 + δ, 1), we infer that∫ 1
y2+δ
∣∣∣∣ −2y(1 − y2 − λ)2
∣∣∣∣2 dy . 1(y2 − y1 + δ)2
∫ 1
y2+δ
1
(y − y2)4 dy
.
1
(y2 − y1 + δ)2δ3 ,
which gives (3.9). 
Similarly, we can show that for 0 < δ < y2−y14 ,∥∥∥∥ 11− y2 − λ
∥∥∥∥
L2
(
(y1+δ,y2−δ)
) . 1
(y2 − y1)δ 12
. (3.10)
3.2. Case of λ > 1. By integration by parts, we get∣∣∣Im〈− ν(∂2y − |k|2)w + ik[(1− y2 − λ)w + 2ϕ], w〉∣∣∣
= |k|
(∫ 1
−1
(λ− 1 + y2)|w|2dy + 2‖ϕ′‖2L2 + 2|k|2‖ϕ‖2L2
)
,
which gives∫ 1
−1
(λ− 1 + y2)|w|2dy + 2‖ϕ′‖2L2 + 2|k|2‖ϕ‖2L2 ≤
1
|k| ‖F‖L2‖w‖L2 .
Then we obtain
‖w‖2L2 ≤‖w‖2L2([−1,1]\(−δ,δ)) + 2δ‖w‖2L∞
.
1
|k|δ2 ‖F‖L2‖w‖L2 + δ‖w‖L2‖w
′‖L2
.
1
|k|δ2 ‖F‖L2‖w‖L2 + δν
− 1
2 ‖F‖
1
2
L2
‖w‖
3
2
L2
,
here we used λ − 1 + y2 ≥ δ2 for y ∈ [−1, 1] \ (−δ, δ). This shows by taking
δ = (ν|k|−1) 14 that
‖w‖L2 . ν−
1
2 |k|− 12 ‖F‖L2.
3.3. Case of λ ∈ [0, 1]. Let −1 ≤ y1 ≤ 0 ≤ y2 ≤ 1 so that λ = 1 − y21 = 1 − y22 .
We introduce the decomposition ϕ = ϕ1 + ϕ2, where ϕ1 solves{
(∂2y − |k|2)ϕ1 = w,
ϕ1(±1) = ϕ1(y1) = ϕ1(y2) = 0,
and ϕ2 solves {
(∂2y − |k|2)ϕ2 = 0,
ϕ2(±1) = 0, ϕ2(y1) = ϕ(y1), ϕ2(y2) = ϕ(y2).
It is easy to see that
ϕ2(y) =

sinh |k|(y + 1)
sinh |k|(y1 + 1)ϕ(y1), y ∈ [−1, y1],
sinh |k|(y − y1)
sinh |k|(y2 − y1)ϕ(y2) +
sinh |k|(y2 − y)
sinh |k|(y2 − y1)ϕ(y1), y ∈ [y1, y2],
sinh |k|(1− y)
sinh |k|(1− y2)ϕ(y2), y ∈ [y2, 1].
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We first give L2 estimate of w outside the interval (y1, y2).
Lemma 3.4. It holds that for any δ ∈ (0, 1]
‖w‖2
L2
(
(−1,1)\(y1,y2)
) ≤ CE1(w),
where
E1(w) = ‖F‖L2‖w‖L2|k|(y2 − y1 + δ)δ +
ν‖w′w‖L∞(B(y1,δ)∪B(y2,δ))
|k|(y2 − y1 + δ)δ
+
ν‖w′‖L2‖w‖L∞
|k|(y2 − y1 + δ)δ 32
+
‖ϕ2‖2L∞
(y2 − y1 + δ)2δ + δ‖w‖
2
L∞ .
(3.11)
Proof. By integration by parts, we get
∣∣∣Im〈− ν(∂2y − |k|2)w + ik[(1− y2 − λ)w + 2ϕ], wχ(−1,1)\(y1,y2)〉∣∣∣
=
∣∣∣∣k ∫
(−1,1)\(y1,y2)
(1− y2 − λ)|w|2dy + νIm(w′w(y2)− w′w(y1))
+ Im
∫
(−1,1)\(y1,y2)
2kiϕwdy
∣∣∣∣
≥ |k|
∫
(−1,1)\(y1,y2)
(λ− 1 + y2)|w|2dy − 2|k|
∫
(−1,1)\(y1,y2)
ϕ1wdy
− ν(|w′w(y2)|+ |w′w(y1)|)− 2|k|
∣∣∣∣∣
∫
(−1,1)\(y1,y2)
ϕ2wdy
∣∣∣∣∣ ,
which gives
∫
(−1,1)\(y1,y2)
(λ− 1 + y2)|w|2dy +
∫
(−1,1)\(y1,y2)
−2ϕ1wdy
≤ |k|−1‖F‖L2‖w‖L2
+
ν
|k| ‖w
′w‖L∞(B(y1,δ)∪B(y2,δ)) +
∣∣∣∣∣
∫
(−1,1)\(y1,y2)
2ϕ2wdy
∣∣∣∣∣ .
(3.12)
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Similarly, we have∣∣∣∣Im〈− ν(∂2y − |k|2)w
+ ik[(1− y2 − λ)w + 2ϕ], w
1− y2 − λχ(−1,1)\(y1−δ,y2+δ)
〉∣∣∣∣
=
∣∣∣∣Im(− ν w′w(1− y2 − λ) ∣∣∣y1−δ−1 − ν w′w(1 − y2 − λ) ∣∣∣1y2+δ
)
+ Im
(
2ik
∫
(−1,1)\(y1−δ,y2+δ)
ϕw
1− y2 − λdy
+ ν
∫
(−1,1)\(y1−δ,y2+δ)
2yw′w
(1− y2 − λ)2 dy
+ ik
∫
(−1,1)\(y1−δ,y2+δ)
|w|2dy
)∣∣∣∣
≥− ν‖w′w‖L∞(B(y1,δ)∪B(y2,δ))
(
1
|y21 − (y1 − δ)2|
+
1
|y22 − (y2 + δ)2|
)
− ν‖w‖L∞‖w′‖L2
∥∥∥∥ 2y(1 − y2 − λ)2
∥∥∥∥
L2((−1,1)\(y1−δ,y2+δ))
+
|k|
2
∫
(−1,1)\(y1−δ,y2+δ)
|w|2dy
− |k|
∫
(−1,1)\(y1−δ,y2+δ)
2|ϕ|2
(1− y2 − λ)2 dy,
which shows that
|k|
2
∫
(−1,1)\(y1−δ,y2+δ)
|w|2dy ≤‖F‖L2
∥∥∥∥ w(1− y2 − λ)
∥∥∥∥
L2((−1,1)\(y1−δ,y2+δ))
+
2ν‖w′w‖L∞(B(y1,δ)∪B(y2,δ))
|y21 − (y1 − δ)2|
+ ν‖w‖L∞‖w′‖L2
∥∥∥∥ 2y(1− y2 − λ)2
∥∥∥∥
L2((−1,1)\(y1−δ,y2+δ))
+ |k|
∫
(−1,1)\(y1−δ,y2+δ)
2|ϕ|2
(1− y2 − λ)2 dy.
This along with Lemma 3.3 shows that
‖w‖2L2((−1,1)\(y1,y2)) ≤‖w‖2L2((−1,1)\(y1−δ,y2+δ)) + 2δ‖w‖2L∞
.
‖F‖L2‖w‖L2
|k|(y2 − y1 + δ)δ +
ν‖w′w‖L∞(B(y1,δ)∪B(y2,δ))
|k|(y2 − y1 + δ)δ
+
ν‖w′‖L2‖w‖L∞
|k|δ 32 (y2 − y1 + δ)
+ δ‖w‖2L∞
+
∫
(−1,1)\(y1−δ,y2+δ)
|ϕ|2
(1− y2 − λ)2 dy.
(3.13)
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It remains to estimate
∫
(−1,1)\(y1−δ,y2+δ)
|ϕ|2
(1−y2−λ)2 dy, which is bounded as∫
(−1,1)\(y1−δ,y2+δ)
|ϕ|2
(1 − y2 − λ)2 dy .
∫
(−1,1)\(y1−δ,y2+δ)
|ϕ1|2
(1− y2 − λ)2 dy
+
∫
(−1,1)\(y1−δ,y2+δ)
|ϕ2|2
(1 − y2 − λ)2 dy.
Thanks to |1− y2 − λ| = (y − y1)(y − y2), we get by Hardy’s inequality that∫
(−1,1)\(y1−δ,y2+δ)
|ϕ1|2
(1− y2 − λ)2 dy
.
∫ y1−δ
−1
|ϕ1|2
(1− y2 − λ)2 dy +
∫ 1
y2+δ
|ϕ1|2
(1− y2 − λ)2 dy
≤ 1
(y2 − y1 + δ)2
(∫ 1
y2+δ
| ∫ y
y1
ϕ′1dz|2
(y − y1)2 dy +
∫ 1
y2+δ
| ∫ y
y2
ϕ′1dz|2
(y − y2)2 dy
)
.
1
(y2 − y1 + δ)2
∫
(−1,1)\(y1−δ,y2+δ)
|ϕ′1|2dy.
(3.14)
By (3.5) and (3.12), we have
1
(y2 − y1 + δ)2
∫
(−1,1)\(y1,y2)
|ϕ′1|2dy
≤ 1
(y2 − y1 + δ)2
〈− ϕ1, wχ([−1,1]\(y1,y2))〉
.
1
(y2 − y1 + δ)2
(
|k|−1‖F‖L2‖w‖L2 +
ν
|k| ‖w
′w‖L∞(B(y1,δ)∪B(y2,δ))
+
∣∣∣∣∣
∫
(−1,1)\(y1,y2)
2ϕ2wdy
∣∣∣∣∣
)
.
‖F‖L2‖w‖L2
|k|(y2 − y1 + δ)2 +
ν‖w′w‖L∞(B(y1,δ)∪B(y2,δ))
|k|(y2 − y1 + δ)2
+
‖ϕ2‖L∞
δ
1
2 (y2 − y1 + δ)
δ
3
2 ‖w‖L∞ + δ 12 ‖w‖L1((−1,1)\(y1−δ,y2+δ))
(y2 − y1 + δ) .
By Lemma 3.3, we have
‖w‖2L1((−1,1)\(y1−δ,y2+δ))
≤
∥∥∥∥ 11− y2 − λ
∥∥∥∥
L1((−1,1)\(y1−δ,y2+δ))
(∫
(−1,1)\(y1−δ,y2+δ)
(λ− 1 + y2)|w|2dy
)
.
1 + ln(1 + y2−y1
δ
)
(y2 − y1 + δ)
(‖F‖L2‖w‖L2
|k| +
ν
|k| ‖w
′w‖L∞(B(y1,δ)∪B(y2,δ))
+
∣∣∣∣∣
∫
(−1,1)\(y1,y2)
2ϕ2wdy
∣∣∣∣∣
)
≤ 1 + ln(1 +
y2−y1
δ
)
(y2 − y1 + δ)
(E1(w)(y2 − y1 + δ)δ + ‖ϕ2‖L∞(2δ‖w‖L∞
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+ ‖w‖L1((−1,1)\(y1−δ,y2+δ)))
)
. E1(w)δ
(
1 + ln(1 +
y2 − y1
δ
)
)
+
1 + ln(1 + y2−y1
δ
)
(y2 − y1 + δ) ‖ϕ2‖L
∞‖w‖L1((−1,1)\(y1−δ,y2+δ))),
which implies
‖w‖2L1((−1,1)\(y1−δ,y2+δ)) . E1(w)δ
(
1 + ln(1 +
y2 − y1
δ
)
)
+
∣∣∣∣∣1 + ln(1 + y2−y1δ )(y2 − y1 + δ)
∣∣∣∣∣
2
‖ϕ2‖2L∞
. E1(w)δ(1 + y2 − y1
δ
) = E1(w)(y2 − y1 + δ).
(3.15)
Then we conclude from (3.14) that∫
(−1,1)\(y1−δ,y2+δ)
|ϕ1|2
(1 − y2 − λ)2 dy . E1(w). (3.16)
On the other hand, we have∫
(−1,1)\(y1−δ,y2+δ)
|ϕ2|2
(1− y2 − λ)2 dy
. ‖ϕ2‖2L∞
∫
(−1,1)\(y1−δ,y2+δ)
1
((y − y1)(y − y2))2
dy
.
‖ϕ2‖2L∞
(y2 − y1 + δ)2δ ≤ E1(w).
(3.17)
Finally, the lemma follows from (3.13), (3.16) and (3.17). 
Next we give L2 estimate of w in the interval (y1, y2).
Lemma 3.5. Let δ ∈ (0, y2−y14 ]. It holds that
‖w‖2L2(y1,y2) ≤ CE2(w),
where
E2(w) =‖F‖L2‖w‖L2|k|δ(y2 − y1) +
ν‖w′w‖L∞(B(y1,δ)∪B(y2,δ))
|k|δ(y2 − y1)
+ δ‖w‖2L∞ +
ν2‖w‖2L∞
|k|2(y2 − y1)3δ4 +
ν‖w′‖L2‖w‖L∞
|k|δ 32 (y2 − y1)
+
‖ϕ2‖2L∞
(y2 − y1)2δ + δ
3‖w′‖2L∞(B(y1,δ)∪B(y2,δ)) +
‖F‖2L2
|k|2(y2 − y1)3δ
+
ν2
|k|2
(‖w′‖2L∞(B(y1,δ)∪B(y2,δ))
(y2 − y1)3δ2 +
‖w′‖2L2
(y2 − y1)3δ3
)
.
(3.18)
STABILITY FOR THE 2-D POISEUILLE FLOW 13
Proof. By integration by parts, we get∣∣Im〈− ν(∂2y − |k|2)w + ik[(1− y2 − λ)w + 2ϕ], wχ(y1,y2)〉∣∣
=
∣∣∣∣k ∫ y2
y1
(1− y2 − λ)|w|2dy − νIm(w′w(y2)− w′w(y1))+ k ∫ y2
y1
2ϕwdy
∣∣∣∣
≥ |k|
(∫ y2
y1
(1− y2 − λ)|w|2dy + 2
∫ y2
y1
ϕ1wdy
)
− ν(|w′w(y2)|+ |w′w(y1)|)− 2|k| ∣∣∣∣∫ y2
y1
ϕ2wdy
∣∣∣∣ ,
which gives
1
(y2 − y1)2
(∫ y2
y1
(1 − y2 − λ)|w|2dy +
∫ y2
y1
2ϕ1wdy
)
≤ 1
(y2 − y1)2
(
1
|k| ‖F‖L2‖w‖L2 +
2ν
|k| ‖w
′w‖L∞(B(y1,δ)∪B(y2,δ))
+ 2
∣∣∣∣∫ y2
y1
ϕ2wdy
∣∣∣∣ )
. E2(w) + 2‖ϕ2‖L
∞
(y2 − y1)δ 12
δ
1
2 ‖w‖L∞ . E2(w).
(3.19)
Similarly, we have∣∣∣∣Im〈− ν(∂2y − |k|2)w
+ ik[(1− y2 − λ)w + 2ϕ], w
1− y2 − λχ(y1+δ,y2−δ)
〉∣∣∣∣
=
∣∣∣∣Im(− ν w′w(1− y2 − λ) ∣∣∣y2−δy1+δ ++2ik
∫ y2−δ
y1+δ
ϕw
1− y2 − λdy
+ ν
∫ y2−δ
y1+δ
2yw′w
(1 − y2 − λ)2 dy + ik
∫ y2−δ
y1+δ
|w|2dy
)∣∣∣∣
≥− ν‖w′w‖L∞(B(y1,δ)∪B(y2,δ))
(
1
|y21 − (y1 + δ)2|
+
1
|y22 − (y2 − δ)2|
)
− ν‖w‖L∞‖w′‖L2
∥∥∥∥ 2y(1 − y2 − λ)2
∥∥∥∥
L2(y1+δ,y2−δ)
+
|k|
2
∫ y2−δ
y1+δ
|w|2dy − |k|
∫ y2−δ
y1+δ
2|ϕ|2
(1 − y2 − λ)2 dy,
which gives
|k|
2
∫ y2−δ
y1+δ
|w|2dy ≤‖F‖L2
∥∥∥∥ w(1− y2 − λ)
∥∥∥∥
L2(y1+δ,y2−δ)
+
2ν‖w′w‖L∞(B(y1,δ)∪B(y2,δ))
|y21 − (y1 − δ)2|
+ ν‖w‖L∞‖w′‖L2
∥∥∥∥ 2y(1 − y2 − λ)2
∥∥∥∥
L2(y1+δ,y2−δ)
14 SHIJIN DING, ZHILIN LIN
+ |k|
∫ y2−δ
y1+δ
2|ϕ|2
(1− y2 − λ)2 dy,
which along with y2 − y1 ≥ 4δ gives
‖w‖2L2(y1,y2) .
1
|k|δ(y2 − y1)‖F‖L
2‖w‖L2 +
ν‖w′w‖L∞(B(y1,δ)∪B(y2,δ))
|k|δ(y2 − y1)
+
ν‖w′‖L2‖w‖L∞
|k|δ 32 (y2 − y1)
+ δ‖w‖2L∞ +
∫ y2−δ
y1+δ
2|ϕ|2
(1− y2 − λ)2 dy.
(3.20)
Next we estimate the last term as follows∫ y2−δ
y1+δ
2|ϕ|2
(1− y2 − λ)2 dy ≤
∫ y2−δ
y1+δ
2|ϕ1|2
(1− y2 − λ)2 dy +
∫ y2−δ
y1+δ
2|ϕ2|2
(1− y2 − λ)2 dy.
First of all, we have
∫ y2−δ
y1+δ
2|ϕ2|2
(1 − y2 − λ)2 dy .‖ϕ2‖
2
L∞
∫ y2−δ
y1+δ
2
(1 − y2 − λ)2 dy
.
‖ϕ2‖2L∞
(y2 − y1)2δ . E2(w).
(3.21)
It remains to prove that
∫ y2−δ
y1+δ
2|ϕ1|2
(1 − y2 − λ)2 dy . E2(w). (3.22)
Then the lemma follows from (3.20), (3.22) and (3.21).
Thanks to Lemma 3.2, (3.4) and (3.19), we get
∫ y2−δ
y1+δ
2|ϕ1|2
(1− y2 − λ)2 dy
.
2
(y2 − y1)2
∫ y2
y1
(1− y2 − λ)2
∣∣∣∣∣
(
ϕ1
(1− y2 − λ)
)′∣∣∣∣∣
2
dy
+
2|ϕ1(0)|2
(y2 − y1)3
.
1
(y2 − y1)2
(∫ y2
y1
(1− y2 − λ)|w|2dy + 〈2ϕ1, wχ(y1,y2)〉
)
+
2|ϕ1(0)|2
(y2 − y1)3
. E2(w) + 2|ϕ1(0)|
2
(y2 − y1)3 .
(3.23)
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To control 2|ϕ1(0)|
2
(y2−y1)3 , we notice that for any δ ≤ θ ≤
y2−y1
4 ,∫ y2−θ
0
(
ϕ1(y)
1− y2 − λ
)′
(y2 − θ − y)dy
−
∫ 0
y1+θ
(
ϕ1(y)
1− y2 − λ
)′
(y − y1 − θ)dy
=
∫ y2−θ
y1+θ
ϕ1(y)
1− y2 − λdy −
ϕ1(0)
1− λ (y2 − y1 − 2θ),
which gives
ϕ1(0)
1− λ (y2 − y1 − 2θ) ≤
∣∣∣∣∣
∫ y2−θ
y1+θ
ϕ1(y)
1− y2 − λdy
∣∣∣∣∣
+
∫ y2−θ
y1+θ
∣∣∣∣∣
(
ϕ1(y)
1− y2 − λ
)′∣∣∣∣∣min(y2 − y, y − y1)dy
.
∣∣∣∣∣
∫ y2−θ
y1+θ
ϕ1(y)
1− y2 − λdy
∣∣∣∣∣
+ (y2 − y1) 12
∫ y2−θ
y1+θ
∣∣∣∣∣
(
ϕ1(y)
1− y2 − λ
)′∣∣∣∣∣
2
min(y2 − y, y − y1)2dy

1
2
.
∣∣∣∣∣
∫ y2−θ
y1+θ
ϕ1(y)
1− y2 − λdy
∣∣∣∣∣
+ (y2 − y1) 12
∫ y2−θ
y1+θ
∣∣∣∣∣
(
ϕ1(y)
1− y2 − λ
)′∣∣∣∣∣
2
(1− y2 − λ)2
(y2 − y1)2 dy

1
2
.
Thanks to 1− λ ∼ (y2 − y1)2, we obtain
|ϕ1(0)|2
(y2 − y1)3 .
∣∣∣∫ y2−θy1+θ ϕ1(y)1−y2−λdy∣∣∣2
y2 − y1
+
∫ y2−θ
y1+θ
∣∣∣∣∣
(
ϕ1(y)
1− y2 − λ
)′∣∣∣∣∣
2
(1− y2 − λ)2
(y2 − y1)2 dy.
(3.24)
By (3.4) and (3.19), we have
∫ y2−θ
y1+θ
∣∣∣∣∣
(
ϕ1(y)
1− y2 − λ
)′∣∣∣∣∣
2
(1− y2 − λ)2
(y2 − y1)2 dy . E2(w). (3.25)
To control 1
y2−y1
∣∣∣∫ y2−θy1+θ ϕ1(y)1−y2−λdy∣∣∣2, we consider two cases.
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Case 1. |k|2(y2 − y1)2 ≥ 1. In this case, we take θ = y2−y14 and obtain
1
y2 − y1
∣∣∣∣∣
∫ y2−θ
y1+θ
ϕ1(y)
1− y2 − λdy
∣∣∣∣∣
2
≤ 1
y2 − y1
∫ y2−θ
y1+θ
|ϕ1|2dy
∫ y2−θ
y1+θ
1
(1− y2 − λ)2 dy
.
1
(y2 − y1)3θ
∫ y2−θ
y1+θ
|ϕ1|2dy
.
|k|2
(y2 − y1)2
∫ y2−θ
y1+θ
|ϕ1|2dy,
which along with (3.4) and (3.19) gives
1
y2 − y1
∣∣∣∣∣
∫ y2−θ
y1+θ
ϕ1(y)
1− y2 − λdy
∣∣∣∣∣
2
. E2(w). (3.26)
Case 2. |k|2(y2 − y1)2 ≤ 1. In this case, we take θ = δ and introduce
χ(y) = η
(
y
y2 − y1
)
with η(z) =
{
1, |z| ≤ 1,
0, |z| ≥ 2.
We get by integration by parts that
∣∣∣∣∫ 1−1 ϕ′χ′ + |k|2ϕχdy
∣∣∣∣ = ∣∣∣∣∫ 1−1−w(y)χ(y)dy
∣∣∣∣ .
Due to χ(y) = 1 for y ∈ [y1 + θ, y2 − θ], we have
∣∣∣∣∣
∫ y2−δ
y1+δ
w(y)dy
∣∣∣∣∣ ≤
∣∣∣∣∫ 1−1 ϕ′χ′ + |k|2ϕχdy
∣∣∣∣+ 4δ‖w‖L∞
+
∫
(−1,1)\(y1−δ,y2+δ)
|w(y)|dy.
Recall that F = −ν(∂2y − |k|2)w + ik
[
(1 − y2 − λ)w + 2ϕ], which gives w =
−i 1
k
(
F+ν(∂2y−|k|2)w
)
−2ϕ
(1−y2−λ) and then
∣∣∣∣∣
∫ y2−δ
y1+δ
2ϕ
1− y2 − λdy
∣∣∣∣∣−
∣∣∣∣∣
∫ y2−δ
y1+δ
i 1
k
(F + ν(∂2y − |k|2)w)
(1 − y2 − λ) dy
∣∣∣∣∣
≤
∣∣∣∣∫ 1−1 ϕ′χ′ + |k|2ϕχdy
∣∣∣∣+ 4δ‖w‖L∞ + ∫
(−1,1)\(y1−δ,y2+δ)
|w(y)|dy,
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which yields that
1
y2 − y1
∣∣∣∣∣
∫ y2−δ
y1+δ
2ϕ1
1− y2 − λdy
∣∣∣∣∣
2
.
δ2
y2 − y1 ‖w‖
2
L∞ +
1
|k|2(y2 − y1)
∣∣∣∣∣
∫ y2−δ
y1+δ
F
1− y2 − λdy
∣∣∣∣∣
2
+
ν2
|k|2(y2 − y1)
∣∣∣∣∣
∫ y2−δ
y1+δ
w′′
1− y2 − λdy
∣∣∣∣∣
2
+
1
y2 − y1
∣∣∣∣∣
∫ y2−δ
y1+δ
2ϕ2
1− y2 − λdy
∣∣∣∣∣
2
+
1
y2 − y1
∣∣∣∣∫ 1−1 ϕ′χ′ + |k|2ϕχdy
∣∣∣∣2
+
1
y2 − y1
∣∣∣∣∣
∫
(−1,1)\(y1−δ,y2+δ)
|w(y)|dy
∣∣∣∣∣
2
+
ν2|k|2
y2 − y1
∣∣∣∣∣
∫ y2−δ
y1+δ
w
1− y2 − λdy
∣∣∣∣∣
2
:= I1 + · · · I7.
Thanks to y2 − y1 ≥ 4δ, we have
I1 ≤ δ‖w‖2L∞ . E2(w).
By (3.10), we get
I2 .
‖F‖2L2
|k|2(y2 − y1)
∥∥∥∥ 11− y2 − λ
∥∥∥∥2
L2(y1+δ,y2−δ)
.
‖F‖2L2
|k|2(y2 − y1)3δ ≤ E2(w),
I4 . ‖ϕ2‖2L∞
∥∥∥∥ 11− y2 − λ
∥∥∥∥2
L2(y1+δ,y2−δ)
.
‖ϕ2‖2L∞
(y2 − y1)2δ ≤ E2(w).
We get by integration by parts that
I3 =
ν2
|k|2(y2 − y1)
∣∣∣∣∣ w′1− y2 − λ
∣∣∣∣y2−δ
y1+δ
+
∫ y2−δ
y1+δ
w′(−2y)
(1− y2 − λ)2 dy
∣∣∣∣∣
2
.
ν2
|k|2
(‖w′‖2L∞(B(y1,δ)∪B(y2,δ))
δ2(y2 − y1)3 +
‖w′‖2L2
δ3(y2 − y1)3
)
≤ E2(w).
By (3.15), we have
I6 =
1
y2 − y1 ‖w‖
2
L1((−1,1)\(y1−δ,y2+δ))
≤CE1(w)(y2 − y1 + δ)
y2 − y1 . E1(w) . E2(w).
For I5, we first notice that
I5 .
1
y2 − y1
(
‖ϕ′1‖2L2((−1,1)\(y1−δ,y2+δ))‖χ′‖2L2
+ ‖ϕ′2‖2L1‖χ′‖2L∞ + |k|4‖ϕ‖2L1(B(0,2(y2−y1))
)
.
1
y2 − y1
(‖ϕ′1‖2L2((−1,1)\(y1−δ,y2+δ))
(y2 − y1)
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+
‖ϕ′2‖2L1
(y2 − y1)2 + |k|
4
(∫ 2(y2−y1)
−2(y2−y1)
|ϕ|dy
)2)
:=I15 + I
2
5 + I
3
5 .
By (3.5), (3.12) and (3.15), we have
I15 .
1
(y2 − y1)2 ‖ϕ
′
1‖2L2((−1,1)\(y1,y2)) .
1
2(y2 − y1)2
〈− 2ϕ1, wχ(−1,1)\(y1,y2)〉
.
1
(y2 − y1)2
(‖F‖L2‖w‖L2
|k| +
ν
|k|‖w
′w‖L∞(B(y1,δ)∪B(y2,δ))
+
∣∣∣∣∣
∫
(−1,1)\(y1,y2)
2ϕ2wdy
∣∣∣∣∣
)
.E2(w) + ‖ϕ2‖L
∞
(y2 − y1)2
(
δ‖w‖L∞ + ‖w‖L1((−1,1)\(y1−δ,y2+δ))
)
.E2(w).
Thanks to the definition of ϕ2 and the monotonicity of sinh, we have
I25 =
‖ϕ′2‖2L1
(y2 − y1)3 .
‖ϕ2‖2L∞
(y2 − y1)3 .
‖ϕ2‖2L∞
(y2 − y1)2δ . E2(w).
Due to |k|2(y2 − y1)2 ≤ 1, we get by (3.4)-(3.19) and (3.5)-(3.12) that
I35 .
|k|4
(∫ 2(y2−y1)
−2(y2−y1) |ϕ1|dy
)2
+ |k|4
(∫ 2(y2−y1)
−2(y2−y1) |ϕ2|dy
)2
y2 − y1
.|k|4
∫ 2(y2−y1)
−2(y2−y1)
|ϕ1|2dy + |k|4(y2 − y1)‖ϕ2‖2L∞
.
1
2(y2 − y1)2 2|k|
2
∫ 2(y2−y1)
−2(y2−y1)
|ϕ1|2dy + ‖ϕ2‖
2
L∞
(y2 − y1)2δ
.E2(w).
This shows that
I5 . E2(w).
For I7, we have
I7 .
ν2|k|2(y2 − y1 − 2δ)
y2 − y1
∫ y2−δ
y1+δ
|w|2
(1− y2 − λ)2 dy
.
ν2
|k|2(y2 − y1)3δ
∫ y2−δ
y1+δ
|w|2
(1− y2 − λ)2 dy.
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On the other hand, we get by Hardy’s inequality that∫ y2−δ
y1+δ
|w|2
(1 − y2 − λ)2 dy
.
1
(y2 − y1 − δ)δ
(∫ 0
y1+δ
∣∣∣∫ yy1 w′dz∣∣∣2
(y − y1)2 +
|w(y1)|2
(y − y1)2 dy
+
∫ y2−δ
0
∣∣∣∫ yy2 w′dz∣∣∣2
(y − y2)2 +
|w(y2)|2
(y − y2)2 dy
)
.
1
δ2
(∫ 0
y1+δ
|w′|2 + |w(y1)|
2
(y − y1)2 dy +
∫ y2−δ
0
|w′|2 + |w(y2)|
2
(y − y2)2 dy
)
.
1
δ2
‖w′‖2L2 +
1
δ3
‖w‖2L∞ ,
which shows that
I7 .
ν2
|k|2(y2 − y1)3δ
(
1
δ2
‖w′‖2L2 +
1
δ3
‖w‖2L∞
)
.
ν2
|k|2(y2 − y1)3δ3 ‖w
′‖2L2 +
ν2
|k|2(y2 − y1)3δ4 ‖w‖
2
L∞
.E2(w).
Summing up the estimates for Ii(i = 1, · · · , 7), we conclude that∫ y2−δ
y1+δ
2|ϕ1|2
(1 − y2 − λ)2 dy . E2(w). (3.27)
Now (3.22) follows from (3.23), (3.26), (3.25), (3.26) and (3.27). 
The following two lemmas give L∞ estimate of ϕ2 and w′ in terms of ‖F‖L2, ‖w‖L2
and ‖w‖L∞ .
Lemma 3.6. For any ν ∈ (0, 1], λ ∈ [0, 1] and δ ∈ (0, 1], there holds that
‖ϕ2‖2L∞
(y2 − y1 + δ)2δ . F1(w),
where
F1(w) =
‖F‖2L2
|k|2δ2(y2 − y1 + δ)2 +
ν‖F‖L2‖w‖L2
|k|2δ4(y2 − y1 + δ)2 + δ‖w‖
2
L∞ .
Proof. We will follow the proof of Lemma 3.10 in [20]. It suffices to estimate
‖ϕ‖
L∞
(
B(y1,δ)∪B(y2,δ)
). Recall (3.24) in [20]: for a, b > 0,
|ϕ(a)| ≤ 1
2b
∣∣∣ ∫ a+b
a−b
ϕ(y)dy
∣∣∣+ b2‖ϕ′′‖L∞
Then for any a ∈ B(y1, δ), there exists b ∈ [δ/2, δ] so that
|ϕ(a)| . 1
b|k|
(∫ a+b
a−b
|F + ν|k|2w|dy + ν(|w′(a+ b)|+ |w′(a− b)|)
+
∫ a+b
a−b
|1− y2 − λ|dy‖w‖L∞
)
+ b2‖ϕ′′‖L∞
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.
1
δ|k|
(
δ
1
2 ‖F‖L2 +
ν
δ
1
2
‖w′‖L2
+ δ2(y2 − y1 + δ)‖w‖L∞
)
+ δ2‖w‖L∞ ,
which implies our result. Here we used ‖ϕ′′‖L∞ ≤ ‖w‖L∞ and∫ a+b
a−b
ν|k|2|w|dy . δ 12 ν|k|2‖w‖L2 . δ
1
2 ‖F‖L2.

Lemma 3.7. For any ν ∈ (0, 1], λ ∈ [0, 1] and δ ∈ (0, 1], there holds that
δ3‖w′‖2L∞(B(y1,δ)∪B(y2,δ)) . F2(w),
where
F2(w) = δ
6(y2 − y1 + δ)2|k|2
ν2
F1(w) + δ
4
ν2
‖F‖2L2 + δ‖w‖2L∞ .
Proof. We follow the proof of Lemma 3.11 in [20]. We have
‖w′‖L∞(B(y1,δ)) .
1
δ
‖w‖L∞ + ‖w′′‖L1(B(y1,δ)),
where we get by (3.1) that
δ
3
2
∫
B(y1,δ)
|w′′|dy .δ
3
2 |k|
ν
∫
B(y1,δ)
|(1− y2 − λ)w|dy + δ
3
2 |k|
ν
∫
B(y1,δ)
|ϕ|dy
+
δ
3
2
ν
∫
B(y1,δ)
|F |dy + δ 32 |k|2
∫
B(y1,δ)
|w|dy
.
δ3(y2 − y1 + δ)|k|
ν
δ
1
2 ‖w‖L∞
+
(y2 − y1 + δ)δ3|k|
ν
‖ϕ‖L∞(B(y1,δ)∪B(y2,δ))
(y2 − y1 + δ)δ 12
+
δ2
ν
‖F‖L2,
here we used
δ
3
2 |k|2
∫
B(y1,δ)
|w|dy . δ2|k|2‖w‖L2 .
δ2
ν
‖F‖L2.
This shows that
δ3‖w′‖2L∞(B(y1,δ)) . F2(w).
The estimate in domain B(y2, δ) is similar. 
Now we are in a position to prove Proposition 3.1 in the case of λ ∈ (0, 1).
Proof. We consider two cases.
Case 1. ν
1
4 |k|− 14 ≥ y2−y14 .
Let δ = ν
1
4 |k|− 14 << 1. In this case, ‖w‖2L2(y1,y2) . δ‖w‖2L∞ . E1(w), therefore
‖w‖2L2 . E1(w). Thus, we only need to estimate each term in E1(w).
Thanks to Lemma 3.6, we have
‖ϕ2‖2L∞
(y2 − y1 + δ)2δ .
‖F‖2L2
|k|2δ2(y2 − y1 + δ)2 +
ν‖F‖L2‖w‖L2
|k|2δ4(y2 − y1 + δ)2 + δ‖w‖
2
L∞
.
‖F‖2L2
|k|2δ4 +
ν‖F‖L2‖w‖L2
|k|2δ6 + δ‖w‖
2
L∞ ,
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which together with Lemma 3.7 yields that
δ3‖w′‖2L∞(B(y1,δ)∪B(y2,δ)) .
δ8|k|2
ν2
(‖F‖2L2
|k|2δ4 +
ν‖F‖L2‖w‖L2
|k|2δ6 + δ‖w‖
2
L∞
)
+
δ4
ν2
‖F‖2L2 + δ‖w‖2L∞
.
‖F‖2L2
ν|k| +
‖F‖L2‖w‖L2
ν
1
2 |k| 12 + δ‖w‖
2
L∞ ,
which gives
ν
|k|(y2 − y1 + δ)δ ‖w
′w‖L∞(B(y1,δ)∪B(y2,δ))
.
ν
|k|δ4 δ
3
2 ‖w′‖L∞(B(y1,δ)∪B(y2,δ))δ
1
2 ‖w‖L∞
.
ν
|k|δ4
(
δ3‖w′‖2L∞(B(y1,δ)∪B(y2,δ)) + δ‖w‖2L∞
)
.
‖F‖2L2
ν|k| +
‖F‖L2‖w‖L2
ν
1
2 |k| 12 + δ‖w‖
2
L∞ .
Using the fact that ν‖w′‖2L2 ≤ ‖F‖L2‖w‖L2 , we get
ν
|k|δ 52 ‖w
′‖L2‖w‖L∞ ≤
ν2
|k|2δ6 ‖w
′‖L2 + δ‖w‖2L∞
.
ν‖F‖L2‖w‖L2
|k|2δ6 + δ‖w‖
2
L∞ ,
and
δ‖w‖2L∞ . δ‖w‖L2‖w′‖L2 .
δ
ν
1
2
‖F‖
1
2
L2
‖w‖
3
2
L2
.
Summing up and due to δ = ν
1
4 |k|− 14 , we conclude that
‖w‖2L2 . ν−1|k|−1‖F‖2L2.
Case 2. ν
1
4 |k|− 14 ≤ y2−y14 . Take δ3(y2 − y1)|k| = ν, then 0 < δ ≤ y2−y14 . In this
case, we have E1(w) ≤ E2(w). We deduce from Lemma 3.4 and Lemma 3.5 that
‖w‖2L2 . E2(w). Now we estimate each term in E2(w). First of all, we have
ν2
|k|2(y2 − y1)3δ4 ‖w‖
2
L∞ ≤
δ6(y2 − y1)2
(y2 − y1)3δ4 ‖w‖
2
L∞ . δ‖w‖2L∞ ,
‖F‖L2‖w‖L2
|k|δ(y2 − y1) .
‖F‖L2‖w‖L2
|k|δ 32 (y2 − y1) 12
.
‖F‖L2‖w‖L2
ν
1
2 |k| 12 ,
‖F‖2L2
|k|2(y2 − y1)3δ .
‖F‖2L2
ν|k| ,
ν2
|k|2
‖w′‖2L2
(y2 − y1)3δ3 .
‖F‖L2‖w‖L2
|k|(y2 − y1)2 .
‖F‖L2‖w‖L2
ν
1
2 |k| 12 .
Thanks to δ ≤ |k|− 14 |ν| 14 , we get
δ‖w‖2L∞ . δ‖w‖L2‖w′‖L2 .
δ
ν
1
2
‖F‖
1
2
L2
‖w‖
3
2
L2
.
1
ν
1
4 |k| 14 ‖F‖
1
2
L2
‖w‖
3
2
L2
,
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which gives
ν
|k|δ 32 (y2 − y1)
‖w′‖L2‖w‖L∞ =δ‖w′‖L2δ
1
2 ‖w‖L∞ . δ2‖w′‖2L2 + δ‖w‖L∞
.
δ2
ν
‖F‖L2‖w‖L2 + δ‖w‖2L∞
.
‖F‖L2‖w‖L2
ν
1
2 |k| 12 +
1
ν
1
4 |k| 14 ‖F‖
1
2
L2
‖w‖
3
2
L2
.
Thanks to Lemma 3.6, we have
‖ϕ2‖2L∞
(y2 − y1)2δ .
‖F‖2L2
|k|2δ2(y2 − y1)2 +
ν‖F‖L2‖w‖L2
|k|2δ4(y2 − y1)2 + δ‖w‖
2
L∞
.
‖F‖2L2
ν|k| +
‖F‖L2‖w‖L2
ν
1
2 |k| 12 +
1
ν
1
4 |k| 14 ‖F‖
1
2
L2
‖w‖
3
2
L2
.
Here we used ν|k|2δ4(y2−y2)2 ≤ 1|k|δ(y2−y2) ≤ 1|k| 12 ν 12 . Then by Lemma 3.7, we get
δ3‖w′‖2L∞(B(y1,δ)∪B(y2,δ)) .
δ6(y2 − y1)2|k|2
ν2
F1(w) + δ
4
ν2
‖F‖2L2 + δ‖w‖2L∞
.
‖F‖2L2
ν|k| +
‖F‖L2‖w‖L2
ν
1
2 |k| 12 +
1
ν
1
4 |k| 14 ‖F‖
1
2
L2
‖w‖
3
2
L2
,
which gives
ν
|k|δ(y2 − y1)‖w
′w‖L∞(B(y1,δ)∪B(y2,δ))
. δ
3
2 ‖w′‖L∞(B(y1,δ)∪B(y2,δ))δ
1
2 ‖w‖L∞
. δ3‖w′‖2L∞(B(y1,δ)∪B(y2,δ)) + δ‖w‖2L∞
.
‖F‖2L2
ν|k| +
‖F‖L2‖w‖L2
ν
1
2 |k| 12 +
1
ν
1
4 |k| 14 ‖F‖
1
2
L2
‖w‖
3
2
L2
,
and
ν2
|k|2
‖w′‖2L∞(B(y1,δ)∪B(y2,δ))
(y2 − y1)3δ2 .δ
3‖w′‖2L∞(B(y1,δ)∪B(y2,δ))
.
‖F‖2L2
ν|k| +
‖F‖L2‖w‖L2
ν
1
2 |k| 12 +
1
ν
1
4 |k| 14 ‖F‖
1
2
L2
‖w‖
3
2
L2
.
Summing up, we conclude that
‖w‖2L2 . ν−1|k|−1‖F‖2L2.
This completes the proof of Proposition 3.1 in the case of λ ∈ [0, 1]. 
3.4. Case of λ ≤ 0. First of all, we get by integration by parts that∣∣∣Im〈− ν(∂2y − |k|2)w + ik[(1− y2 − λ)w + 2ϕ], w〉∣∣∣
≥ |k|
(∫ 1
−1
(1− y2 − λ)|w|2dy + 2
∫ 1
−1
ϕwdy
)
,
which gives ∫ 1
−1
(1− y2 − λ)|w|2dy + 〈2ϕ,w〉 ≤ |k|−1‖F‖L2‖w‖L2 .
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This along with (3.4) shows that
2
∫ 1
−1
(1− y2 − λ)2
∣∣∣∣ ( ϕ1− y2 − λ
)′ ∣∣∣∣2dy
+
∫ 1
−1
|k|2|ϕ|2dy ≤ |k|−1‖F‖L2‖w‖L2.
(3.28)
On the other hand, we have∣∣∣∣Im〈− ν(∂2y − |k|2)w
+ ik[(1− y2 − λ)w + 2ϕ], w
1− y2 − λχ(−1+δ,1−δ)
〉∣∣∣∣
≥ −2ν‖w′w‖
L∞
(
(−1,−1+δ)∪(1−δ,1)
) 1
|1− (1− δ)2 − λ|
− ν‖w‖L∞‖w′‖L2
∥∥∥∥ 2y(1− y2 − λ)2
∥∥∥∥
L2(−1+δ,1−δ)
+
|k|
2
∫ 1−δ
−1+δ
|w|2dy − |k|
∫ 1−δ
−1+δ
2|ϕ|2
(1− y2 − λ)2 dy,
which gives
|k|
2
∫ 1−δ
−1+δ
|w|2dy
≤ ‖F‖L2
∥∥∥∥ w(1− y2 − λ)
∥∥∥∥
L2(−1+δ,1−δ)
+
2ν‖w′w‖L∞((−1,−1+δ)∪(1−δ,1))
|1− (1− δ)2 − λ|
+ ν‖w‖L∞‖w′‖L2
∥∥∥∥ 2y(1− y2 − λ)2
∥∥∥∥
L2(−1+δ,1−δ)
+ |k|
∫ 1−δ
−1+δ
2|ϕ|2
(1− y2 − λ)2 dy.
Thus, we obtain
‖w‖2L2 .‖w‖2L2(−1+δ,1−δ) + δ‖w‖2L∞
.
‖F‖L2‖w‖L2
|k|δ +
ν‖w‖L∞‖w′‖L∞(A)
|k|(1− (1− δ)2 − λ)
+
ν
δ
3
2 |k| ‖w
′‖L2‖w‖L∞ + δ‖w‖2L∞ +
∫ 1−δ
−1+δ
2|ϕ|2
(1 − y2 − λ)2 dy,
where A = (−1,−1 + δ) ∪ (1− δ, 1).
We get by (3.28) that∫ 1−δ
−1+δ
|ϕ|2
(1− y2 − λ)2 dy . δ
−2‖ϕ‖2L2 .
1
|k|δ2 ‖F‖L2‖w‖L2 . (3.29)
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From the proof of Lemma 3.7 and Lemma 3.6, we infer that
‖w′‖L∞(A)
|1− (1− δ)2 − λ|
.
|k|
ν
δ‖w‖L∞ + |k||1− (1 − δ)2 − λ|ν δ‖ϕ‖L∞(A)
+
1
δ
1
2 ν
‖F‖L2 + δ−2‖w‖L∞
.
|k|
ν
δ‖w‖L∞ + ν−1
(
δ−
1
2 ‖F‖L2 + νδ−
3
2 ‖w′‖L2 + δ‖w‖L∞ + |k|δ2‖w‖L∞
)
+
1
δ
1
2 ν
‖F‖L2 + δ−2‖w‖L∞
Summing up, we conclude that
‖w‖2L2 .
‖F‖L2‖w‖L2
|k|δ2 + ‖w‖L∞ |k|
−1
(
|k|δ‖w‖L∞ + δ− 12 ‖F‖L2
+ νδ−
3
2 ‖w′‖L2 + δ‖w‖L∞ + |k|δ2‖w‖L∞ + νδ−2‖w‖L∞
)
+
ν
δ
3
2 |k| ‖w
′‖L2‖w‖L∞ + δ‖w‖2L∞
.
‖F‖L2‖w‖L2
|k|δ2 + δ‖w‖
2
L∞ + |k|−1δ−
1
2 ‖F‖L2‖w‖L∞
+ νδ−
3
2 |k|−1‖w′‖L2‖w‖L∞ + νδ−2|k|−1‖w‖2L∞ .
Taking δ = ν
1
4 |k|− 14 , we obtain
‖w‖2L2 .
‖F‖L2‖w‖L2
|k| 12 ν 12 + δ‖w‖
2
L∞ + δ
−2|k|−2‖F‖2L2 + ν2δ−4|k|−2‖w′‖2L2
.
‖F‖L2‖w‖L2
|k| 12 ν 12 + ν
− 1
4 |k|− 14 ‖w‖
3
2
L2
‖F‖
1
2
L2
+ ν−
1
2 |k|− 32 ‖F‖2L2,
which implies that
‖w‖L2 . (ν|k|)−
1
2 ‖F‖L2.
The proof is completed.
4. Proof of the main Theorems: enhanced dissipation and nonlinear
stability
In this section, we will prove our main results.
4.1. The Enhanced dissipation. An operatorH in a Hilbert spaceX is accretive
if Re〈Hf, f〉 ≥ 0 for any f ∈ X and an accretive operator is called m-accretive if
any λ < 0 belongs to the resolvent set of H . We define
Ψ(A) = inf
{‖(A− iλ)u‖ : u ∈ D(A), λ ∈ R, ‖u‖ = 1}.
The following Gearhart-Pru¨ss type lemma comes from [31].
Lemma 4.1. Let A be an m-accretive operator on a Hilbert spaces X. Then for
any t > 0,
‖e−tA‖ ≤ e−tΨ(A)+pi2 .
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Recall that
L̂ = −ν(∂2y − |k|2) + ik
[
(1− y2) + 2(∂2y − |k|2)−1
]
,
It is easy to see that L̂ is an m-accretive operator. Moreover, it follows from
Proposition 3.1 that
Ψ(L̂ ) ≥ cν 12 |k| 12 + ν|k|2.
Notice that
‖e−tL g 6=‖2L2 ∼
∑
k 6=0
‖e−L̂ tĝ(t; k, y)‖2L2.
Then Lemma 4.1 gives the following enhanced dissipation estimate.
Proposition 4.1. There exist constants C, c > 0, independent of ν such that
‖e−tL g 6=‖L2 ≤ Ce−cν
1
2 t−νt‖g 6=‖L2 .
The proof of Proposition 4.1 is similar to that in [19] and here we omit it.
And the Theorem 1.1 follows from Proposition 4.1.
4.2. Nonlinear stability threshold. Now we consider the nonlinear problem
(∂t − ν∆+ (1 − y2)∂x)ω + 2∂x∆−1ω = ∇ · f,
ω(t;x,±1) = 0,
ωt=0 = ω0 =: ω(0),
(4.1)
where f = −uω.
To derive the space-time estimates, we decompose the vorticity ω = ωL + ωNL
with 
(∂t +L )ω
NL = ∇ · f,
ωNL|t=0 = 0,
ωNL(t;x,±1) = 0,
(4.2)
and 
(∂t +L )ω
L = 0,
ωL|t=0 = ω0 , ω(0),
ωL(t;x,±1) = 0,
(4.3)
where L = −ν∆+ (1 − y2)∂x + 2∂x∆−1.
Lemma 4.2. There exists a constant C > 0 independent of t such that
‖(ωNL)6=(t)‖2L2 + ν
∫ t
0
‖(∇ωNL)6=(s)‖2L2ds ≤ Cν−1
∫ t
0
‖f 6=(s)‖2L2ds, (4.4)∥∥∥∥∫ t
0
e−(t−s)L (∇ · f 6=(s))ds
∥∥∥∥2
L2
≤ Cν−1
∫ t
0
‖f 6=(s)‖2L2ds. (4.5)
Proof. The proof of this lemma is similar to Lemma 6.1 of [19], here we omit it. 
Lemma 4.3. Let c be in Proposition 4.1 and c′ ∈ (0, c), then it holds that
‖ec′ν
1
2 tωNL6= ‖2L∞L2 + ν
1
2 ‖ec′ν
1
2 tωNL6= ‖2L2L2
+ν‖ec′ν
1
2 t(∇ωNL)6=‖2L2L2 . ν−1‖ec
′ν
1
2 tf 6=‖2L2L2 .
(4.6)
Proof. This lemma can be obtained by applying the similar arguments as in the
Lemma 6.2 of [19], here we omit the proof. 
Therefore, we conclude that
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Proposition 4.2. Let c be in Proposition 4.1 and c′ ∈ (0, c), then it holds that
‖ec′ν
1
2 tω 6=‖2L∞L2 + ν
1
2 ‖ec′ν
1
2 tω 6=‖2L2L2
+ν‖ec′ν
1
2 t(∇ω)6=‖2L2L2 . ‖ω 6=(0)‖2L2 + ν−1‖ec
′ν
1
2 tf 6=‖2L2L2 .
(4.7)
Proof. The proof of this proposition is similar to Proposition 6.3 of [19] and here
we omit it. 
Now we are on a position to prove Theorem 1.2.
Proof of Theorem 1.2. First, we have the following basic estimate
‖ω‖2L∞L2 + ν‖∇ω‖2L2L2 ≤ ‖ω0‖2L2.
It follows from Proposition 4.2 that
‖ec′ν
1
2 tω 6=‖2L∞L2 + ν
1
2 ‖ec′ν
1
2 tω 6=‖2L2L2
+ν‖ec′ν
1
2 t(∇ω)6=‖2L2L2 . ‖ω 6=(0)‖2L2 + ν−1‖ec
′ν
1
2 tf 6=‖2L2L2 .
It remains to estimate the nonlinear term f 6=. Recall that (∂2y − |k|2)ϕ = ω̂, û =
(∂yϕ,−ikϕ) and
‖u 6=‖2L∞ ∼
∑
k 6=0
‖û(t; k, ·)‖2L∞ ,
and
‖û(t; k, ·)‖2L∞ ≤‖û(t; k, ·)‖L2‖û(t; k, ·)‖H1
≤(‖∂yϕ‖2L2 + |k|2‖ϕ‖2L2)
1
2 (‖∂2yϕ‖2L2 + 2|k|2‖∂yϕ‖2L2 + |k|4‖ϕ‖2L2)
1
2
.‖ω̂(t; k, ·)‖2L2 ,
therefore, one has
‖u 6=‖L∞ . ‖ω 6=‖L2 .
Note that
(uω)6= = uω 6= + u 6=ω + (u 6=ω 6=)6=,
then we obtain that
‖ec′ν
1
2 tf 6=‖2L2L2 ≤‖ec
′ν
1
2 tuω 6=‖2L2L2 + ‖ec
′ν
1
2 tu 6=ω‖2L2L2 + ‖ec
′ν
1
2 t(u 6=ω 6=)6=‖2L2L2
.‖u‖2L∞L∞‖ec
′ν
1
2 tω 6=‖2L2L2 + ‖ω‖2L∞L2‖ec
′ν
1
2 tu 6=‖2L2L2
+ ‖ω 6=‖2L∞L2‖ec
′ν
1
2 tu 6=‖2L2L2
.‖ω0‖2L2ν−
1
2 ‖ω 6=‖2Xc′ .
Moreover, we have
‖ω 6=‖2Xc′ . ‖ω 6=(0)‖2L2 + ‖ω0‖2L2ν−
3
2 ‖ω 6=‖2Xc′ .
Therefore, if ‖ω0‖L2 ≤ c0ν 34 for some small c0 > 0, we deduce that
‖ω 6=‖2Xc′ ≤ C‖ω 6=(0)‖2L2,
then the Theorem 1.2 follows from a continuity argument. 
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